Many biological electron transfer (ET) reactions are mediated by metal centres in proteins. NADH:ubiquinone oxidoreductase (complex I) contains an intramolecular chain of seven iron-sulphur (FeS) clusters [1] , one of the longest chains of metal centres in biology and a test case for physical models of intramolecular ET. In biology, intramolecular ET is commonly described as a diffusive hopping process, according to the semi-classical theories of Marcus and Hopfield [2, 3] . However, recent studies have raised the possibility that non-trivial quantum mechanical effects play a functioning role in certain biomolecular processes [4, 5] . Here, we extend the semi-classical model for biological ET to incorporate both semi-classical and coherent quantum phenomena using a quantum master equation based on the Holstein Hamiltonian [6] . We test our model on the structurally-defined chain of FeS clusters in complex I. By exploring a wide range of realistic parameters we find that, when the energy profile for ET along the chain is relatively flat, just a small coherent contribution can provide a robust and significant increase in ET rate (above the semi-classical diffusive-hopping rate), even at physiologically-relevant temperatures. Conversely, when the on-site energies vary significantly along the chain the coherent contribution is negligible. For complex I, a crucial respiratory enzyme that is linked to many neuromuscular and degenerative diseases [7] , our results suggest a new contribution towards ensuring that intramolecular ET does not limit the rate of catalysis. For the emerging field of quantum biology, our model is intended as a basis for elucidating the general role of coherent ET in biological ET reactions.
In NADH:ubiquinone oxidoreductase (complex I), the electron transfer (ET) reaction between NADH and quinone is mediated by seven iron-sulphur (FeS) clusters that link a flavin mononucleotide to the quinone binding site (see Fig. 1 ). Following reduction of the flavin by hydride transfer from NADH, electrons are transferred sequentially along the cluster chain, to the quinone. The free energy released by the redox reaction is conserved in transmembrane proton translocation, in a separate domain of the enzyme. Thus, ET along the cluster chain must be both fast-enough that it does not limit the rate of catalysis, and energetically efficient [8] . Here develop a general treatment of ET in metalloproteins, exploiting complex I as a template to elucidate whether quantum mechanical contributions play a role biological ET. In our model, each cluster in the chain can exist in two states, oxidised or (one-electron) reduced, and each electronic state has a set of vibrational states associated with it. We preserve essential features of the Marcus and Hopfield theories [2, 3] , in which vibrations and vibronic couplings play a central role, by basing our model on . Edge-to-edge distances between the clusters are marked inÅ, with tunneling amplitudes given in brackets in GHz. The structures of the 2Fe and 4Fe cores are inset. The whole assembly is embedded in the protein matrix. Based on 2FUG.pdb [1] .
νi . Note that the Hamiltonian in Eq. (2) is general enough to be applied to a wide range of metalloproteins in which ET depends strongly on a set of parameters that can only be extracted from experimental studies. In this study, complex I is used as a template to investigate the possibility of quantum mechanical contributions to biological ET reactions. Two reduction potential profiles were examined. First, when the seven-cluster chain in complex I contains four electrons they occupy alternate positions along the chain [10] , suggesting an alternating reduction potential profile, with significant variation in potential between adjacent sites. Alternatively, the same pattern of occupancy could result from electrostatic interactions between the sites, suggesting a flatter underlying profile. The relative contributions of these two effects remains unclear. For the alternating profile [8] , the E * i values fluctuate significantly (on the order of 0.1 eV) from site-to-site. For such large energetic disorder, the quantum mechanical contribution to ET is negligible and the dynamics are well described by purely diffusive modelling. However, using a flat profile in which E * i is taken to be equal for all clusters other than site 7 (that is known to have the highest reduction potential), the quantum mechanical contributions to ET become significant. Thus, we have chosen this flat profile (with sites to 1 to 6 at 0 eV and site 7 at −0.15 eV (36.4 THz)) as the main focus of our study; the flat profile has also been adopted in other modelling studies [11, 12] .
The vibrational modes of protein-bound FeS clusters have been characterised using nuclear resonance vibrational spectroscopy, resonance Raman spectroscopy and density functional theory (DFT) [13] ; we select a common frequency ν i = ν = 334 cm −1 (10 THz), i = 1, 2 . . . 7 for all sites in the chain. We estimate the vibronic coupling strength from DFT simulations of the so-called 'inner sphere reorganisation energy' λ in by noting the equivalence of this quantity to ∆ i . Ref. [13] provides an inner sphere reorganisation energy for FeS clusters λ in = 0.2 eV (48 THz) to yield a common vibronic coupling strength for all sites, g i = g = √ νλ in = 22 THz. The tunnelling amplitudes are obtained from previous studies of the transfer integrals between FeS clusters within complex I using DFT and semi-empirical electronic structure methods [11] . Due to the disorder in spacing between clusters, amongst many other factors, these tunneling amplitudes vary between adjacent sites, introducing disorder to the Hamiltonian. The tunneling amplitudes all lie within the range t j,j+1 = 1 -95 GHz (see Fig. 1 details) , allowing the polaron tunnelling term of Eq. (2) to be readily treated as a perturbation.
The presence of the bosonic operatorsX i in Eq. (2) gives rise to two distinct processes that contribute to the perturbation expansion [6] . The first of these are so-called 'diagonal transitions' in which the vibrational quantum numbers in the chain do not change upon the tunneling of an electron. Diagonal transitions facilitate quantum coherent ET and lead to a modulation of the tunneling amplitude between adjacent sites due to the effect of vibronic coupling
Where n ν (T ) = (exp(hν/k B T ) − 1) −1 is the thermal average of the number excitations in a vibrational mode with frequency ν at temperature T and k B is Boltzmann's constant. We thus define an effective Hamiltonian, correct to the first order (and assuming a single vibrational mode per cluster), describing the coherent transport of a polaron among the FeS clusters
The effect of the vibronic coupling has been wholly absorbed into the parameters t * j,j+1 and E * i , resulting in exponential suppression of the tunnelling amplitude and a modulation of each on-site energy due to the deformation of the cluster by an electron. The second contribution to the perturbation series arises from 'non-diagonal transitions' in which the vibrational quantum number may change. The quantum coherence of an electron is not preserved in non-diagonal transitions, allowing them to be described stochastically by a set of hopping rates that lead to diffusive motion. These rates are calculated within our model using the Marcus-Jortner equation [14] 
and by enforcing detailed balance for the reverse rates. Here, ν o =10 THz is a typical frequency for the optical vibrational modes of the environment and λ out is the outer sphere reorganisation energy describing the interaction of the polaron with its surrounding protein scaffold and solvent. There is no consensus value for λ out for FeS clusters in the existing literature. We assume that the outer and inner sphere reorganisation energies are of comparable importance by choosing λ out = λ in = 0.2 eV (48 THz). The incoherent hopping rates Eq. (5) enter into the description of ET within the chain as Liouvillian terms within a Born-Markov quantum master equation alongside the Hamiltonian dynamics (Eq. (4)) (see appendix for details). Further terms are included in the master equation to address the fact that the closed system we have considered thus far is an inadequate description of 'in situ' ET. In complex I, the FeS clusters are embedded within the protein scaffold and surrounding solution that constitutes their environment. Interaction of a quantum system with its environment introduces non-reversible processes to its dynamics; these manifest themselves as local dephasing -a process which reduces quantum superposition states to classical statistical mixtures by the process of 'decoherence' at a given rate. In addition, we include the irreversible dissipation of the polaron from the final FeS cluster of the chain to the quinone at a rate R = 1 GHz that is of the order of other ET processes in the chain. The origin of local dephasing can be associated with the outer sphere reorganisation energy λ out . In lieu of a detailed knowledge of the density of modes for the environment, we assume a dephasing rate of the form
where ν a = 0.1 THz is taken as a typical frequency for the vibrational modes of the environment that are responsible for dephasing [15] and γ 0 is the projected magnitude of quantum dephasing at zero temperature. Considering Eqs. (3), (5) and (6), we see that with increasing temperature the amplitude of coherent tunneling is reduced as the rate of incoherent tunneling and local dephasing increases. The time evolution of the system is obtained by standard numerical integration of the Born-Markov master equation with the boundary condition that the electron is initially localized at the first site of the chain. The motion of the electron among the seven site chain is governed by a number of factors, notably; the disorder of the chain -which here enters via the tunneling amplitudes -and the temperature of the system. At low temperature, the coherent (diagonal) contribution to ET is significant compared to the rate of incoherent (non-diagonal) processes. As the temperature is increased, the importance of coherent transport is reduced due to the suppression of the coherent tunneling amplitudes and the onset of dephasing and incoherent tunneling, leading to diffusion-like transport. For high enough values of the zero temperature dephasing (γ 0 ∼ 1 GHz) at T = 300 K, quantum coherence is no longer maintained on a timescale relevant to ET and purely diffusive transport is recovered with rates given by the Marcus-Jortner equation (see appendix). The time taken to achieve 50 % probability of quinone reduction (50% population of the sink) at 310 K, after the electron was initialised in site 1, as a function of zero temperature dephasing γ0. The shortest time for quinone reduction, 35 µs, is observed at γ0 = 0.004 GHz. This is almost 10 times shorter than the analogous semi-classical treatment using the Marcus-Jortner equation (304 µs). For comparison, diffusive modeling using the Marcus equation [2] predicts a time of 136 µs and the empirical treatment of Dutton et al. [12] estimates the time required to be 7 µs (for a reorganisation energy of 0.4 eV). Inset: The probability of quinone reduction is shown at t = 40 µs as a function of γ0 for various temperatures.
dephasing γ 0 .
At 10 K there is little probability for the electron to reduce the quinone with any level of dephasing. This is a feature of the reduction potential profile of the chain: While sites 1-6 have similar on-site energies, the energy of site 7 is 0.15 eV (36.4 THz) lower. This difference in energy is much greater than the tunneling amplitude between sites 6 and 7. Consequently, coherent transport is strongly suppressed between these sites and occupation of site 7 is achieved by non-diagonal terms that become more pronounced at higher temperatures. Using this profile, the final step in the ET chain of complex I is thus a thermally activated incoherent hop, though transport elsewhere in the chain may be quantum coherent. The alternating profile discussed above yields purely incoherent dynamics for similar reasons.
The rate of ET from site 1 of the chain to the quinone molecule increases between 10 -150 K across the full range of γ 0 that was investigated. Above 200 K the transport becomes increasingly sensitive to the value of γ 0 . At 310 K the fastest electron transfer to the quinone is achieved for γ 0 ≈ 0.004 GHz (see Figs. 2 -4 ) but for other values of γ 0 the transport is far less efficient. These features are akin to the 'dephasing assisted transport' [16] [17] [18] fastest rate of transport. Notably, the behaviour may not be solely attributed to dephasing, due to the presence of incoherent tunneling, but the notion of ET enhancement by the interplay of quantum coherent and incoherent processes remains.
The presence of dephasing assisted transport, and hence partly quantum coherent ET within complex I, at physiological temperature and in certain regimes of the parameter γ 0 , is further explored in Fig. 3 , which shows the population of each of the 7 sites of complex I as a function of time for γ 0 ≈ 0.001 GHz at 310 K (similar plots for different values of γ 0 are given in the appendix). On the timescale of ET from site 1 to the quinone molecule (10 -100 µs) the transfer appears qualitatively diffusive. The electron quickly equilibrates among the first four sites -which are to a certain extent decoupled from the rest of the chain due to the large distance between sites 4 and 5 -by thermally activated hopping. Upon making a transition from site 4 to site 5, the electron is more likely to proceed toward the sink than to undergo a transition back to site 4. The disorder in the tunneling amplitudes therefore introduces an effective directionality to the electron motion. Further directionality arises from the thermally activated hop between sites 6 and 7, and the low population in sites 5 -7 may be described by the electron quickly being transferred to the sink upon transition from site 4 to 5. On much shorter timescales (100 ns), coherent oscillations of the electron persists between sites 1 and 2 of the chain (see inset to are the hallmark of quantum coherence and are contrary to the typical relaxation-like behaviour exhibited in classical transport. Within our model, coherent oscillations can persist for upwards of 100 ns for γ 0 ≤ 0.004 GHz. Remarkably, despite quantum coherence only persisting on a timescale two orders of magnitude slower than that of the overall ET, quantum effects have a significant effect on the transport rate, yielding roughly ten times the probability of quinone reduction after 40 µs compared to the analogous purely diffusive Marcus-Jortner model. To further emphasise this feature, Fig. 4 shows the population of the quinone molecule and sites 1 -4 (as sites 5 -7 are only ever sparsely populated) when the chain is subject to different rates of dephasing. For no dephasing (γ 0 = 0), the probability of quinone reduction does not exceed 0.25 within 40 µs for T ≤ 310 K. However, for γ 0 = 0.004 GHz the rate of transfer is increased at all temperatures, with a maximum probability of roughly 0.7 for quinone reduction after 40 µs. This is evidence that the addition of local dephasing processes can enhance ET that is already partly incoherent due to non-diagonal processes. We have presented a full microscopic quantum model of ET in metalloproteins using a novel approach based on the Holstein Hamiltonian [6] and a quantum master equation. By accounting for the unique properties of quantum dynamics up to the first order of perturbation theory, we show that, in principle, even small quantum mechanical contributions can enhance ET rates in metalloproteins by almost 10 times, compared to analogous semi-classical models under certain conditions. Our model also extends the study of ET to temperatures that are too low for thermally activated stochastic hopping models to apply. For a flat reduction potential profile in complex I, we predict an increased ET rate at moderate dephasing that is attributable to quantum coherence and its interplay with decoherence processes. For reduction potential profiles that vary markedly from site-to-site, our model converges with well-established semi-classical treatments of ET [14] . We note that reduction potential measurements take place on far longer timescales than ET. Consequently, the 'transient' reduction profile relevant to ET may not include energetic contributions from slow relaxation processes. This could reconcile the requirement of quantum coherence for a flat reduction potential profile with the disorder in reduction potentials generally observed in biological molecules. The quantum coherent enhancement of the ET rate in complex I is reminiscent, though not directly analogous to, recent studies of coherent exciton dynamics within photosynthetic complexes [16] [17] [18] [19] . Our model is general enough to be applied to other metalloproteins and can be adapted to investigate other non-biological ET processes also. ACKNOWLEDGMENTS R.D. and J.G. wish to acknowledge N. Lo Gullo for helpful discussions.
Appendix A: Lang-Firsov transformation
We show that a more general Hamiltonian may be used as the starting point of our study than that of Eq. (1). We also note that it may serve as the starting point to investigate the ET dynamics of metalloproteins other than NADH:ubiquinone oxidoreductase (complex I). The extended Holstein Hamiltonian [6] can be partitioned into electronic, vibrational and interaction components (H el , H vib and H int respectively) as
The electronic part of the Hamiltonian describes an N site tight-binding lattice with disorder in both the on-site energies E i and the nearest-neighbour tunneling amplitude t j,j+1
The vibrational component, H vib , describes a set of harmonic oscillators associated with each of the N lattice sites. The k th i mode at site i has a characteristic frequency ν i,ki and corresponding bosonic creation and annihilation operators, a † i,ki and a i,ki
Finally, the interaction term H int accounts for the vibronic coupling
Where g i,ki is the coupling strength between the k th i phonon mode and an electron at site i. The vibronic coupling thus describes the displacement of the phonon modes at a given site conditioned on the presence of an electron at that location.
Combining Eqs. (A1) -(A4) we obtain the full Holstein Hamiltonian
The Holstein Hamiltonian is often treated using a polaron approach, facilitated by the Lang-Firsov [9] (or 'polaron') transformation using the unitary operator
The transformed fermionic operators are calculated with use of the Hadamard lemma
Where Eq. (A8) follows from hermitian conjugation of Eq. (A7). Similarly, the transformed bosonic operators arē
With Eq. (A10) following from hermitian conjugation of Eq. (A9). Combining Eqs. (A7) -(A10), the Lang-Firsov transformed Holstein Hamiltonian is found to bē
Where
Appendix B: Diagonal processes
We provide a derivation of the renormalised coherent tunneling amplitude arising from 'diagonal processes' -in which the number of phonons remains unchanged within the chain upon a tunneling of an electron. The following derivation follows that of Ref. [20] closely. Beginning with Eq. (2)
Where, now
1 For A, B ∈ C m×m , the Hadamard lemma states:
Considering the case when t j,j+1 E i , ν i , the polaron tunneling term of Eq. (2) may be treated as a small perturbation. To first order of the perturbation expansion we must evaluate terms of the form
Where |{n} (|{m} ) is a multi-mode Fock state describing the phonon occupation numbers in the initial (final) state by the set of numbers {n} = n 1 , n 2 ...n N ({m} = m 1 , m 2 ...m N ), and |i denotes the state of an electron located at site i. The diagonal contribution t * i,i+1 to the object in Eq. (B3) amounts to the evaluation of the following quantity
Factoring the fermionic and bosonic parts of Eq. (B4) gives
Where the second line follows from the orthonormality condition j||i = δ i,j . Applying the Baker-CampbellHaussdorff-Zassenhaus formula 2 to Eq. (B5) gives
Where, the |n i are single mode Fock states describing the vibrational state of the i th site. To proceed, the thermal average of the quantity in Eq. (B6) is taken,
where
is the partition function for the i th vibrational mode.
Considering the object
It can be shown (see Ref. [20] for further details) that
where n(T ) = exp hν kT − 1 −1 is the Planck average of the number of phonons. Substituting this result into Eq. (B7), finally gives the thermally averaged rate of diagonal transitions
We see that the vibronic coupling manifests itself as an exponential suppression of the polaronic tunneling amplitude t * j,j+1 relative to its 'bare' electronic counterpart t j,j+1 . This is attributable to the effective mass acquired by the electron due to its coupling to phonons in the polaron picture. Polaron tunneling is also exponentially sensitive to the number of phonons excited in the relevant clusters; a quantity that increases as a function of temperature, leading to further suppression of the tunneling amplitude t * j,j+1 . Fig. 5 ), the presence of coherent oscillations between the populations of adjacent states is observable on microsecond timescales. These oscillations are the hallmark of quantum transport. The amplitude of the oscillations is damped primarily by the onset of incoherent tunneling and ET qualitatively approaches diffusive behavior on the longer timescale of quinone reduction. For high rates of dephasing (γ 0 > 1 GHz ) and T = 310 K, quantum coherence does not persist on a timescale relevant to ET and the dynamics are purely diffusive. Fig. 6 shows that in the limit of large dephasing, the dynamics quantitatively approach the behaviour expected using Marcus-Jortner rates within a classical master equation.
ET at intermediate rates of dephasing (γ 0 ∼ 0.001 GHz) and T = 310 K exhibit coherent oscillations that persist for approximately 100 ns (see Fig. 3 ), approximately 100 − 1000 times shorter than the typical timescale of quinone reduction. There are two noteworthy aspects of the ET in this regime: i) The rate of quinone reduction is significantly enhanced compared to the cases of low (more 'quantum') and high (more 'classical') dephasing. ii) Quantum coherence plays a significant role in ET despite persisting for only a fraction of the typical timescale of quinone reduction (∼ 10 − 100µs). The enhancement of transport rate in the presence of intermediate dephasing arises from the interplay of quantum coherent and classical transport. This behavior is reminiscent, though not directly analogous to, the notion of 'dephasing assisted transport'. In our model, the interplay of classical and quantum transport is richer due to the presence of incoherent hopping alongside pure dephasing. 
